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Addition and Subtraction

SUMMARY

Addition and subtraction can be thought of as a pro-
cess of accumulation. For example, if a flock of 3 sheep 
is joined with a flock of 4 sheep, the combined flock 
will have 7 sheep. Thus, 7 is the sum that results from 
the addition of the numbers 3 and 4. This can be writ-
ten as 3 + 4 = 7 where the sign “+” is read “plus” and 
the sign “=” is read “equals.” Both 3 and 4 are called 
addends. Addition is commutative; that is, the order 
of the addends is irrelevant to how the sum is formed. 
Subtraction finds the remainder after a quantity is 
diminished by a certain amount. If from a flock con-
taining 5 sheep, 3 sheep are removed, then 2 sheep 
remain. In this example, 5 is the minuend, 3 is the 
subtrahend, and 2 is the remainder or difference. This 
can be written as 5 − 3 = 2 where “−” is read “minus.” 
Subtraction is not commutative and therefore the 
ordering of the minuend and subtrahend affects the 
result: 5 − 3 = 2, but 3 − 5 = −2.

The concept of addition can be extended to have 
meaning for fractions, negative numbers, real num-
bers, measurements, and other mathematical enti-
ties. The algorithms used for computing the sum 
or difference, some of which have been taught for 
millennia, ultimately depend on the representation 
used for the numbers. For example, the approach 
used for adding Roman numerals is different from 
that used to add Hindu- Arabic numbers.

Computers perform subtraction using the same 
circuits they use for addition.

HISTORY AND DEVELOPMENT OF ADDITION 
AND SUBTRACTION

Human beings’ ability to add and subtract small whole 
numbers is probably innate. Some of the earliest descrip-
tions of techniques for handling large numbers come 
from ancient China during the Warring States period 

(475– 221 BCE), when arithmetic operations were per-
formed by manipulating rods on a flat surface that was 
partitioned by vertical and horizontal lines. The num-
bers were represented by a positional base- 10 system. 
Some scholars believe that this system— after moving 
westward through India and the Islamic Empire— 
became the modern system of representing numbers.

The Greeks in the fifth century BCE, in addition 
to using a complex ciphered system for representing 
numbers, used a system that is very similar to Roman 
numerals. It is possible that the Greeks performed 
arithmetic operations by manipulating small stones 
on a large, flat surface partitioned by lines. A simi-
lar stone tablet was found on the island of Salamis 
in the 1800s and is believed to date from the fourth 
century BCE. The word “calculate” was derived from 
the Latin word for “little stone.”

The Romans had arithmetic devices similar in 
appearance to the typical Chinese abacus. It is difficult 
to use modern paper- and- pencil techniques for adding 
and subtracting Roman numerals (with I as one, II as 
two, V as five, X as ten, L as fifty, C as one hundred, D as 
five hundred, M as one thousand)— but it worked well 
in its time, since it was devised for use with an abacus.

During the Middle Ages, counting boards were 
used to perform arithmetic. A counting board con-
sisted of a series of actual or virtual horizontal lines 
that were labeled from the bottom by I, X, C, M, and 
so on. The system borrowed the symbols used for 
core numbers from the Roman system. The spaces 
between the lines were labeled starting from the bot-
tom by V, L, and D. A number like MMDCCXXXVIIII 
(2739) would be represented by placing the appro-
priate number of counters on each line. The line 
labeled M would have 2 counters (for 2000, or two 
thousands). The space just below, labeled D, would 
have 1 counter (500, or one five- hundreds); the 
line labeled C, 2 counters (200, or two hundreds); 
the space labeled L, 0 counters; the line labeled X, 
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3 counters (for 30, or three tens); the line labeled 
V, 1 counter (5); and the line labeled I, 4 counters 
(4, or four ones). The total of all these numbers is 
2739. Note that accountants used VIIII (denoting 
five plus four) to represent 9, whereas stonemasons 
used “IX”(denoting 10 less 1). To compute the sum 
MMDCCXXXVIIII + MCLXI, a person would simply 
transcribe the numbers to the counting board and 
then combine the counters following rules of car-
rying to ensure that no more than 4 counters were 
on any line and 1 counter on any space. This rep-
resentation was then easily transcribed back into 
Roman numerals.

Many early books on arithmetic claim that this 
method of performing arithmetic was especially 
preferred by women, who at times had the respon-
sibility for keeping the books for small family 
businesses. Hindu- Arabic numerals and paper- and- 
pencil methods for performing arithmetic began to 
appear in Europe in the twelfth century and replaced 
Roman numerals and the counting board by the 
nineteenth century.

TWO METHODS FOR SUBTRACTING BY HAND

Two popular methods for handling “borrowing” that 
are taught today are shown below. The method shown 
in the figure below on the left is popular in Italy, 
England, and the United States, while the one on the 
right is popular in Spain, France, and parts of Latin 
America. The example is to compute 3047 − 1964. 
Starting with the method on the left, first begin with 
the right- most column and subtract 4 from 7. Write 
the result, 3, below the 4. Moving one column to the 
left, try to subtract 6 from 4, which cannot be done 
without using negative numbers. The method is thus 
to attempt to “borrow” 1 from 0, which is the digit to 
the left of the 4. Again, this cannot be done without 
using negative numbers. Therefore, the method is to 
borrow 1 from 3, which is the digit to the left of the 
0 resulting in crossing out the 3 and replacing it with 
a 2. Then the zero becomes a 10, and it in turn can 
be replaced by a 9 so the borrowed 1 can be placed 
in front of the 4 to make it 14. Now, one can subtract 
6 from 14 to get 8, which is written below the 6. Moving 
left to the next column, one can subtract 9 from 9 to 
get a 0, which is written below the 9. Finally, 1 is sub-
tracted from 2 to get a 1, which is written below.

To solve the problem using subtraction with carry, 
use the example on the right. The carrying numbers 
(the small 1s) affect the numbers on a diagonal, as 
shown in the example. The number 1 adds 10 to the 
integer in the top row and adds 1 to the integer in 
the bottom row. Starting from the right- most col-
umn, 4 is subtracted from 7, resulting in 3, which is 
written below. Then, try to subtract 6 from 4, which 
cannot be done, so insert a small 1 to the left of the 
space between the 4 and the 6. This is interpreted to 
mean that the 4 has become 14. Subtract 6 from 14 
and record the answer, 8, below.

Move left to the next column containing 0 and 9. 
The small 1, written above and to the right of the 9, 
is added to the 9 to get 10. Attempt to subtract the 
10 from the 0 above, which cannot be done. Instead, 
write a small 1 just to the left of the space between 
the 0 and 9, and interpret this to mean that the 0 has 
become a 10. Now, 10 minus 10 is 0, which is writ-
ten below. Move left to the next column. The small 1, 
written above and to the right of the 1, is added to the 
1 giving 2, which is subtracted from 3 resulting in 1, 
which is written below.

ADDING AND SUBTRACTING ON A COMPUTER

At the most basic level, whole numbers are repre-
sented in a computer in base- two by a sequence 
of the binary states “Hi” and “Lo” interpreted 
as “1” and “0.” The circuits that perform addi-
tion are implemented by sequences of logical 
gates. Typically, a “1” in the left- most bit indicates 
that the number is negative, with the remaining 
bits indicating the magnitude of the number. 
Subtraction can be performed by the same circuits 
that perform addition. Two popular approaches 
are designated as “one’s complement” and “two’s 
complement.” “One’s complement” can best be 
explained by performing subtraction in base- 10 
using “nine’s complement.” Assume a computa-
tion of 3047 − 1964. To find the “nine’s comple-
ment” of 1964, subtract each digit from 9 to obtain 
8035. This is added to 3047 resulting in 11,082. 
The left- most 1 is viewed as a “carry” and brought 
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around and added to the right- most digit in an 
operation called “end- around carry” to obtain the 
final result: 1083.

GENERALIZING ADDITION AND 
SUBTRACTION

The sum of two fractions a/b and c/d is defined to be

ad bc
bd
+

.

The sum of irrational numbers (numbers that cannot 
be represented as fractions of whole numbers) can 
be approximated only by adding their approximat-
ing rationals. The exact sum of two irrational lengths, 
a and b, can be found exactly using geometry by first 
extending the segment representing a sufficiently on 
one end so that the length b can be marked off from 
that end with a compass.

Addition can be generalized to other mathemati-
cal objects, such as complex numbers and matrices. 

One of these objects, typically called the additive 
identity and denoted by “0,” has the property such 
that if “a” is any object then the sum of 0 and a is 
a. The additive reciprocal of an object a is denoted 
by −a and is defined to the object so that the sum of 
a + (−a) is 0. The difference a − b is defined to be 
a + (−b).

—  Carl R. Seaquist and Catherine C. Galley
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Agriculture and Mathematics

SUMMARY

Farming, also called “agriculture,” is the production 
and distribution of plant and animal products. Farming 
methods range from organic farming to industrial agri-
culture. Farming operations are also categorized by 
their products, including foods, pets, decorative plants, 
pharmaceuticals, building materials, fibers, resins, and 
bioplastics. Agriculture has long been a motivator for 
mathematical and statistic research. Mathematical con-
cepts and models have helped advance many agricul-
tural methods beyond simple arithmetic calculations of 
quantities of seed and fertilizer.

Many consider Ronald Fisher to be the father of 
modern statistics. Much of his research in statistical 
methods originated from his work with more than sixty 
years of agricultural data at Rothamsted Experimental 
Station, one of the oldest agricultural research institu-
tions in the world. Methods pioneered by Fisher are 
still widely used in the twenty- first century, including 

hypothesis testing, analysis of variance, maximum like-
lihood estimation, and factorial experimental design. 
Mathematician Michael Weiss has worked in several 
mathematical areas with applications in agriculture, 
including nonlinear and chaotic dynamics, fuzzy set 
theory, and topological and algebraic entropy. Some 
applications of his work include a model of crop yields 
as a two- dimensional stochastic process, called “ran-
dom surfaces,” and assessing revenue risk as a probabi-
listic function of foodborne disease outbreaks.

Precision farming models spatial variability in 
farmland and the resulting changes in yields as geo-
metric surfaces. Numerical characteristics of the 
farmland, such as fertilizer needs, are assigned to 
surfaces by functions and mapped to other surfaces 
by operators using modeling software. The so- called 
Cobweb Theorem relates price and production 
for situations in which there is a time lag between 
the marketing of a product and initially obtaining 
price information to determine production. This is 
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common in agricultural markets, since prices in one 
year tend to influence planting in subsequent years.

THE ROLE OF AGRICULTURE IN THE 
HISTORY OF MATHEMATICS AND SCIENCE

Agricultural development shaped the history of 
humankind, including the growth of science and 
mathematics. This impact is acknowledged in the 
historical tradition of naming major farming break-
throughs “revolutions,” since the changes they pro-
duced in society were large and relatively fast. The 
Neolithic revolution started circa 8000 BCE and 
included the development of permanent settle-
ments. The resulting architecture and centralized 
management systems required abstract thought and 
systems of knowledge, including writing, mathemat-
ics, and science. The Arab agricultural revolution 
took place in the eighth through the thirteenth cen-
turies CE and included the development and distri-
bution of international knowledge exchange, the 
development of sophisticated algebra and geometry 
techniques. This revolution also used astronomy for 
farming and navigation, and developed the scientific 
method and the modern number and computational 
system in mathematics. The British agricultural revo-
lution started in the seventeenth century. It codevel-
oped with the Industrial Revolution and included the 
heavy use of mechanical tools and developments in 
the natural sciences, including chemistry and biol-
ogy. This industrialization of agriculture continued 

into the twentieth and twenty- first century, while 
research in organic chemistry and genetics made 
possible the increases in crop yields known as the 
green revolution.

Domestication of local crops, such as rice in China 
around 8000 BCE, allowed for both population 
growth and population concentration in villages and, 
later, towns. Planting, harvesting, and other timed 
activities required relatively exact time and weather 
observation, which in turn led to the development 
of astronomy and the development of sophisticated 
time measurement tools and calendars. Circa 5000 
BCE, the people of Mesopotamia employed inten-
sive farming methods, including monocrop fields, 
aggregation of crops for trade, and complex irriga-
tion. Such methods called for and enabled major 
technological developments, such as better plows. 
It is hypothesized that the complex division of labor, 
distribution, and observation of water levels and 
calendars required for this type of agriculture led 
to the development and relatively widespread use 
of writing.

Mesopotamian clay tables show that quadratic 
and cubic equations, the Pythagorean Theorem, 
and other topics currently found in algebra, geom-
etry, and calculus were already widely used circa 
2000 BCE in problems related to agriculture, such 
as astronomy- based calendars to time flooding and 
harvesting or the distribution of products. Some of 
this knowledge later was lost and then rediscovered 
by other cultures, and some continued to be used 
in the original form. For example, the practice of 
measuring time based on 60 minutes in an hour and 
60 seconds in a minute comes from the Babylonian 
sexadecimal (base 60) number system. The number 
60 was a convenient base for the Babylonians because 
it is highly composite and has more divisors than 
any number less than 60.

Agriculture promoted the development and 
spread of increasingly complex mechanisms, such as 
water wheels in China. Excess crops supported the 
development of trade and transportation, from the 
domestication of draft and pack animals in ancient 
times to sophisticated spice trade fleets circa the six-
teenth century. Starting in the eighth century CE, 
Muslim traders established an extensive network 
of trade routes among Asia, Europe, and Africa, 
enabling the diffusion of agricultural techniques 

A small farm in Moose Jaw, Saskatchewan (photo courtesy of Saffron Blaze)
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and crops beyond their places of origin. This Arab 
agricultural revolution led to the development and 
distribution of science and mathematics, including 
the Arabic numerals used around the world in the 
twenty- first century. For example, one of the first doc-
umented uses of the scientific method comes from 
thirteenth- century work on medicinal plants and 
agronomy (the farming of plants).

The Industrial Revolution, starting in the eigh-
teenth century, included the increasing mechaniza-
tion of agriculture. Agricultural machines, such as 
the tractor, both decreased the number of people 
required for farming and increased productiv-
ity. The scientific advances associated with these 
developments primarily took place in engineering 
and chemistry. The green agricultural revolution 
of the second half of the twentieth century pro-
moted advances in chemistry, genetics, and bio-
engineering, which led to high- yield, disease-  and 
pest- resistant cultivation of major crops. The sus-
tainability of these practices is not yet clear at the 
start of the twenty- first century.

MEASUREMENTS IN AGRICULTURE

Metrics used in farming focus on average produc-
tion of different cultivars of plants, breeds of ani-
mals, or farming methods; resource intensity of 
practices; efficiency of distribution; nutritional 
value of food products and industry- specific values 
of fibers, fuels, and lumber; environmental impact 
and sustainability; and the role of agriculture in 
local and global economy.

The global production levels, by crop type, are 
measured in tons per year. For example, the cate-
gory of cereals was the number one type of agricul-
tural product, with worldwide production at around 
2 billion tons (1.8 billion tonnes) per year in the early 
twenty- first century, while meat production at this 
same time was around 250 million tons (226 million 
tonnes) per year. The total and per capita rates of 
production are frequently compared between years. 
For example, the total agricultural production grew 
by a factor of 16 between the early 1800s and 1970, 
while the world population grew by a factor of seven. 
This means that per capita consumption of agricul-
tural products more than doubled during that period 
but not necessarily because of food items. Fiber or 

farmed trees for paper and construction are also 
included as agricultural products.

Farm yields are measured in crop weight per area 
for plants; in the ratio of seed input to seed output 
for grains; or in meat, fiber, or egg production per 
animal for animals. The yields are estimated using 
statistical methods of random sampling, or total 
outputs of a farm. In the United States, for exam-
ple, corn yields averaged about 30 bushels per acre 
(0.76 tonnes per hectare) in the early 1900s and 
around 130 bushels per acre (3.3 tonnes per hect-
are) in the early 2000s. Food anthropologists esti-
mate the minimal ratio of grain input to output 
necessary for sustaining farming as the main source 
of food as 1:3. This ratio means that for each grain 
planted, farmers get three grains, one of which is 
planted and two of which are either eaten by people 
or fed to farm animals. Yield metrics can be used 
to compare different methods of farming. For 
example, irrigation can raise corn yields by a fac-
tor of four or five. Industrial farming in developed 
countries produces yields that are about 10 percent 
greater than organic farming in nondrought years 
and about 70 percent less in drought years, netting 
about the same average yields over decades.

Resource intensity is measured by the outside 
input required per area of crops, per individual ani-
mal in meat or egg farms, or per unit of farm prod-
uct output. For example, it takes about 264 gallons 
(1,000 liters) of water to produce 0.264 gal (1 L) 
of corn- based ethanol. Resource intensity is one of 
many sustainability metrics used in farming. Other 
mathematical metrics of sustainability include nutri-
ent leaching into water systems, which may cause 
proliferation of algae; biodiversity of farms; and 
pollution of soil, water, and air with herbicide and 
pesticide residues; as well as the carbon footprint of 
farming practices. For example, livestock production 
is currently responsible for about one- fifth of the 
total carbon footprint of humanity.

FARMING AND THE ECONOMY

Agricultural systems include production, process-
ing, packaging, distribution, marketing, and con-
sumption. The proportion of resources and energy 
required for these activities varies with farming 
practices. For example, eating local foods reduces 
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the resources expended in transportation; oper-
ating monocrop farms reduces labor per unit 
of production; eating processed foods increases 
packaging costs.

Agricultural economics is the study of resource 
allocation and distribution related to agriculture. 
It uses mathematical statistics for data analysis and 
trend prediction and mathematical modeling for 
research and development. Many general eco-
nomic mathematical models were first developed 
in agricultural economics, for example, the cobweb 
model, which explains the cycles of price fluctuations 
through analyzing lags within the production chains, 
such as planting and harvesting.

Factory farming uses economies of scale by rais-
ing livestock in confinement and with high popula-
tion densities. The calculations involved in factory 
farming include cost- output analysis and bioengi-
neering of animals to optimize product output as 
well as the logistics of supplying food in to each ani-
mal in place and disease prevention through admin-
istering antibiotics. There are several measurements 
of factory farming impacts. For example, there are 
metrics involved with animal welfare, such as the 
degree of confinement, measured in area of pen 
per animal. Human health impact measures and 
research include studies of pesticide, antibiotic, and 
growth hormone levels in farm products and statisti-
cal studies of the impact of food on human health. 
Environmental impact measures are standard for all 

operations and include levels of specific air, water, 
and soil pollutants produced by the farm and its car-
bon footprint. Capital redistribution is the measure 
of movement of money among communities, which 
is relatively high for factory farming because of its 
centralized nature.

Industrial marketing and distribution models 
do not work well for organic farming because most 
organic products are not scalable. In the early 2000s, 
organic farmers developed a variety of peer- to- peer 
credence and distribution models, network market-
ing models, and sharing economy (mesh) models. 
Such modern models support decentralized pro-
duction and disintermediated distribution. Some 
organic farmers join together in cooperatives and use 
economies of scale. Community- supported agricul-
ture (CSA) is an economic model that provides a way 
to share the benefits and risks of farming. In a typical 
CSA, consumers buy farm shares and receive a weekly 
delivery of farm outputs.
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Algebra

SUMMARY

Algebra is a branch of applied mathematics that goes 
beyond the practical and theoretical applications of 
the numbers of arithmetic. Algebra has a definitive 
structure with specified elements, defined opera-
tions, and basic postulates. Such abstractions identify 
algebra as a system, so there are algebras of different 
types, such as the algebra of sets, the algebra of propo-
sitions, and Boolean algebra. Algebra has connections 
not only to other areas of mathematics but also to the 
sciences, engineering, technology, and other applied 

sciences. For example, Boolean algebra is used in 
electronic circuit design, programming, database rela-
tional structures, and complexity theory.

DEFINITION AND BASIC PRINCIPLES

Algebra is a branch of mathematics. The word “alge-
bra” is derived from an Arabic word that links the con-
tent of classical algebra to the theory of equations. 

Modern algebra includes a focus on laws of opera-
tions on symbolic forms and also provides a systematic 
way to examine relationships between such forms. 
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The concept of a basic algebraic structure arises from 
understanding an important idea. That is, with the 
traditional definition of addition and multiplication, 
the identity, associative, commutative, and distributive 
properties characterize these operations with not only 
real numbers and complex numbers but also polyno-
mials, certain functions, and other sets of elements. 
Even with modifications in the definitions of opera-
tions on other sets of elements, these properties con-
tinue to apply. Thus, the concept of algebra is extended 
beyond a mere symbolization of arithmetic. It becomes 

a definitive structure with specified elements, defined 
operations, and basic postulates. Such abstractions 
identify algebra as a system, and therefore, there are 
algebras of many different types, such as the algebra of 
sets, the algebra of propositions, and Boolean algebra.

The algebra of sets, or set theory, includes such fun-
damental mathematical concepts as set cardinality and 
subsets, which are a part of the study of various levels of 
mathematics from arithmetic to calculus and beyond. 
The algebra of propositions (logic or propositional 
calculus) was developed to facilitate the reasoning 
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process by providing a way to symbolically represent 
statements and to perform calculations based on 
defined operations, properties, and truth tables. Logic 
is studied in philosophy, as well as various areas of 
mathematics such as finite mathematics. Boolean alge-
bra is the system of symbolic logic used primarily in 
computer science applications; it is studied in areas of 
applied mathematics such as discrete mathematics.

Boolean algebra can be considered a generalization 
of the algebra of sets and the algebra of propositions. 
Boolean algebra can be defined as a nonempty set B 
together with two binary operations, sum (symbol +) 
and product (symbol ×). There is also a unary 
operation, complement (symbol ¢). In set B, there 
are two distinct elements, a zero element (symbol 0) 
and a unit element (symbol 1), and certain laws or 
properties hold.

BACKGROUND AND HISTORY

The AlgebrA of SeTS. In 1638, Italian scientist Galileo 
published Discorsi e dimostrazioni matematiche: Intorno à 

due nuove scienze attenenti alla mecanica e i movimenti locali 
(Dialogues Concerning Two New Sciences, 1900). In this 
work, Galileo recognized the basic concept of equivalent 
sets and distinguishing characteristics of infinite sets. 
During the nineteenth century, Bohemian mathema-
tician Bernhard Bolzano studied infinite sets and their 
unique properties; English mathematician George Boole 
took an algebraic approach to the study of set theory. 
However, it was German mathematician Georg Cantor 
who developed a structure for set theory that later led to 
the modernization of the study of mathematical analysis.

Cantor had a strong interest in the arguments of 
medieval theologians concerning continuity and the 
infinite. With respect to mathematics, Cantor real-
ized that not all infinite sets were the same. In 1874, 
his controversial work on infinite sets was published. 
After additional research, he established set theory 
as a mathematical discipline known as Mengenlehre 
(theory of assemblages) or Mannigfaltigkeitslehre 
(theory of manifolds).

The AlgebrA of ProPoSiTionS And booleAn AlgebrA. 
During the nineteenth century, Boole, English math-
ematician Charles Babbage, German mathematician 
Gottlob Frege, and Italian mathematician Giuseppe 
Peano tried to formalize mathematical reasoning by 
an “algebraization” of logic.

Boole, who had clerical aspirations, regarded the 
human mind as God’s greatest accomplishment. He 
wanted to mathematically represent how the brain pro-
cesses information. In 1847, his first book, The Mathe-
matical Analysis of Logic: Being an Essay Towards a Calculus 
of Deductive Reasoning, was published with limited circu-
lation. He rewrote and expanded his ideas in an 1854 
publication, An Investigation of the Laws of Thought: On 
Which Are Founded the Mathematical Theories of Logic and 
Probabilities. Boole introduced the algebra of logic and 
is considered the father of symbolic logic.

Boole’s algebra was further developed between 1864 
and 1895 through the contributions of British mathema-
tician Augustus De Morgan, British economist William 
S. Jevons, American logician Charles Sanders Peirce, 
and German mathematician Ernst Schröder. In 1904, 
American mathematician Edward V. Huntington’s Sets 
of Independent Postulates for the Algebra of Logic developed 
Boolean algebra into an abstract algebraic discipline 
with different interpretations. With the additional work 
of American mathematician Marshall Stone and Polish 

George Boole
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American logician Alfred Tarski in the 1930s, Boolean 
algebra became a modern mathematical discipline, 
with connections to several other branches of math-
ematics, including topology, probability, and statistics.

In his 1940 Massachusetts Institute of Technol-
ogy master’s thesis, Claude Elwood Shannon used 
symbolic Boolean algebra as a way to analyze relay 
and switching circuits. Boole’s work thus became the 
foundation for the development of modern electron-
ics and digital computer technology.

Outside the realm of mathematics and philoso-
phy, Boolean algebra has found applications in such 
diverse areas as anthropology, biology, chemistry, 
ecology, economics, sociology, and especially com-
puter science. For example, in computer science, 
Boolean algebra is used in electronic circuit design, 
programming, database relational structures, and 
complexity theory.

HOW IT WORKS

Boolean algebra achieved a central role in computer 
science and information theory that began with its 
connection to set theory and logic. Set theory, propo-
sitional logic, and Boolean algebra all share a com-
mon mathematical structure that becomes apparent 
in the properties or laws that hold.

Set Theory. The language of set theory is used in 
the definitions of nearly all mathematical elements, 
and set theory concepts are integrated throughout 
the mathematics curriculum from the elementary 
to the college level. In primary school, basic set con-
cepts may be introduced in sorting, combining, or 
classifying objects even before the counting process 
is introduced. Operations such as set complement, 
union, and intersection can be easily understood in 
this context.

For example, let the universal set U consist of six 
blocks, each of which is a different color. A block 
may be red, orange, yellow, violet, blue, or green. 
Using set notation, U = {red, orange, yellow, violet, 
blue, green}. Let four of the six blocks be sorted 
into two subsets, A and B, such that A = {red, yellow} 
and B = {blue, green}. The complement of set A is 
the set of blocks that are neither red nor yellow, 
A¢ = {orange, violet, blue, green}. The union of sets 
A and B is the set that contains all of the blocks in set 

A or set B or both, if there were any colors in com-
mon: A È B = {red, yellow, blue, green}. The intersec-
tion of sets A and B is the set of blocks that are in set 
A and in set B, any color that both sets have in com-
mon. Because the two sets of blocks have no color in 
common, A Ç; B = Æ.

Above the primary level, the concepts of logic are 
introduced. Daily life often requires that one con-
struct valid arguments, apply persuasion, and make 
meaningful decisions. Thus, the development of 
the ability to organize thoughts and explain ideas in 
clear, precise terms makes the study of reasoning and 
the analysis of statements most appropriate.

logic. In propositional algebra, statements are either 
true or false. A statement may be negated by using 
“not.” Statements can be combined in a variety of 
ways by using connectives such as “and” and “or.” The 
resulting compound statements are either true or 
false, based on given truth tables.

A compound statement such as “The First Interna-
tional Conference on Numerical Algebra and Scien-
tific Computing was held in 2006 and took place at the 
Institute of Computational Mathematics of the Chinese 
Academy of Sciences in New York” can thus be easily 
analyzed, especially when written symbolically. The 
“and” connective indicates that the compound state-
ment is a conjunction. Let p be “The First International 
Conference on Numerical Algebra and Scientific Com-
puting was held in 2006,” a true statement; let q be “(it) 
took place at the Institute of Computational Mathemat-
ics of the Chinese Academy of Sciences in New York,” a 
false statement because the institute is in Beijing. The 
truth table for the conjunction indicates that the given 
compound statement is false: T Ù F ° F.

Compound symbolic statements may require mul-
tistep analyses, but established properties and truth 
tables are still used in the process. For example, it is 
possible to analyze the two symbolic compound state-
ments ∼(p Ú q) and ∼p Ù ∼q and also to verify that 
they are logically equivalent. The truth tables for 
each compound statement can be combined in one 
large table to facilitate the process. The first two col-
umns of the table show all possibilities for the truth 
values of two statements, p and q. The next three col-
umns show the analysis of each of the parts of the two 
given compound statements, using the truth tables 
for negation, disjunction, and conjunction. The last 
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two columns of the table have exactly the same cor-
responding T and F entries, showing that the truth 
value will be the same in all cases. This verifies that 
the two compound statements are logically equiva-
lent. Note that the equivalence of these two proposi-
tions is one of De Morgan’s laws: ∼(p Ú q) ° ∼p Ù ∼q.

comPuTer circuiTS. Shannon showed how logic could 
be used to design and simplify electric circuits. For 
example, consider a circuit with switches p and q that 
can be open or closed, corresponding to the Boolean 
binary elements, 0 and 1. A series circuit corresponds 
to a conjunction because both switches must be 
closed for electric current to flow. A circuit where 
electricity flows whenever at least one of the switches 
is closed is a parallel circuit; this corresponds to a 
disjunction. Because the complement for a given 
switch is a switch in the opposite position, this cor-
responds to a negation table. When a circuit is rep-
resented in symbolic notation, its simplification may 
use the laws of logic, such as De Morgan’s laws. The 
simplification may also use tables in the same way as 
the analysis of the equivalence of propositions, with 
1 replacing T and 0 replacing F. Other methods may 
use Karnaugh maps, the Quine- McCluskey method, 
or appropriate software.

Computer logic circuits are used to make deci-
sions based on the presence of multiple input signals. 
The signals may be generated by mechanical switches 
or by solid- state transducers. The various families of 
digital logic devices, usually integrated circuits, per-
form a variety of logic functions through logic gates. 
Logic gates are the basic building blocks for con-
structing digital systems. The gates implement the 
hardware logic function based on Boolean algebra. 
Two or more logic gates may be combined to provide 
the same function as a different type of logic gate. 
This process reduces the total number of integrated 
circuit packages used in a product.

Boolean expressions can direct computer hard-
ware and also be used in software development by 
programmers managing loops, procedures, and 
blocks of statements.

booleAn SeArcheS. Boolean algebra is used in infor-
mation theory. Online queries are input in the form 
of logical expressions. The operator “and” is used 
to narrow a query and “or” is used to broaden it. 

The operator “not” is used to exclude specific words 
from a query.

For example, a search for information about “alge-
bra freeware” may be input as “algebra or freeware,” 
“algebra and freeware,” or perhaps “algebra and 
freeware not games.” The amount of information 
received from each query will be different. The first 
query will retrieve many documents because it will 
select those that contain “algebra,” those that contain 
“freeware,” and those that contain both terms. The 
second query will retrieve fewer documents because 
it will select only those documents that contain 
both terms. The last query will retrieve documents 
that contain both “algebra” and “freeware” but will 
exclude items containing the term “games.”

APPLICATIONS AND PRODUCTS

logic mAchineS, cAlculATing mAchineS, And 
comPuTerS. The “algebraization” of logic, primarily 
the work of De Morgan and Boole, was important to 
the transformation of Aristotelian logic into modern 
logic, and to the automation of logical reasoning. 
Several machines were built to solve logic problems, 
including the Stanhope demonstrator, Jevons’s logic 
machine, and the Marquand machine. In the mid- 
nineteenth century, Jevons’s logic machine, or logic 
piano, was among the most popular; it used Boolean 
algebra concepts. Harvard undergraduates William 
Burkhardt and Theodore Kalin built an electric ver-
sion of the logic piano in 1947.

In the 1930s, Boolean algebra was used in wartime 
calculating machines. It was also used in the design 
of the first digital computer by John Atanasoff and 
his graduate student Clifford Berry. During 1944– 45, 
John von Neumann suggested using the binary math-
ematical system to store programs in computer mem-
ory. In the 1930s and 1940s, British mathematician 
Alan Turing and American mathematician Shannon 
recognized that binary logic was well suited to the 
development of digital computers. Just as Shannon’s 
work served as the basis for the theory of switching 
and relay circuits, Turing’s work became the basis for 
the field of automata theory, the theoretical study of 
information processing and computer design.

By the end of World War II, it was apparent that 
computers would soon replace logic machines. Later 
computer software and hardware developments 
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confirmed that the logic process could be mecha-
nized. Although research work continues to provide 
theoretical guidelines, automated reasoning pro-
grams such as those used in robotics development, 
are in demand by researchers to resolve questions in 
mathematics, science, engineering, and technology.

inTegrATed circuiT deSign. Boolean algebra became 
indispensable in the design of computer micro-
chips and integrated circuits. It is among the fun-
damental concepts of digital electronics that are 
essential to understanding the design and function 
of different types of equipment.

Many integrated circuit manufacturers produce 
complex logic systems that can be programmed to 
perform a variety of logical functions within a single 
integrated circuit. These integrated circuits include 
gate array logic (GAL), programmable array logic 
(PAL), the programmable logic device (PLD), and 
the complex programmable logic device (CPLD).

Engineering approaches to the design and analy-
sis of digital logic circuits involves applications of 
advanced Boolean algebra concepts, including 
algorithmic state and machine design of sequen-
tial circuits, as well as digital logic simulation. The 
actual design and implementation of sizeable digi-
tal design problems involves the use of computer- 
aided design (CAD).

comPuTer AlgebrA SySTemS. During the 1960s and 
1970s, the first computer algebra systems (CASs) 
emerged and evolved from the needs of research-
ers. Computer algebra systems are software that 
enable users to do tedious and sometimes difficult 
algebraic tasks, such as simplifying rational func-
tions, factoring polynomials, finding solutions to a 
system of equations, and representing information 
graphically in two or three dimensions. The systems 
offer a programming language for user- defined 
procedures. Computer algebra systems have not 
only changed how algebra is taught but also pro-
vided a convenient tool for mathematicians, scien-
tists, engineers, and technicians worldwide.

Among the first popular computer algebra sys-
tems were Reduce, Scratchpad, Macsyma (later 
Maxima), and Mu- Math. Later popular systems 
include MATLAB (matrix laboratory), Mathemat-
ica, Maple, and MathCAD.

In 1987, Hewlett- Packard introduced HP- 28, the 
first handheld calculator series with the power of 
a computer algebra system. In 1995, Texas Instru-
ments released the TI- 92 calculator with advanced 
CAS capabilities based on Derive software. Manu-
facturers continue to offer devices such as these 
with increasingly powerful functions; such devices 
tend to decrease in size and cost with advance-
ments in technology. Other examples of handheld 
calculators that include computer algebra systems 
include the HP Prime, introduced by Hewlett Pack-
ard in 2013, which uses the open- source software 
Xcas/Giac and the FX- CG500, introduced by Casio 
in 2017, which uses the Casio BASIC language. The 
use of CAS- capable calculators in schools and on 
standardized exams is controversial— while some 
educators feel they promote understanding and 
lessen the computational burden on students, oth-
ers restrict their use because they fear students 
will use them as a crutch to avoid learning to solve 
problems by hand. A similar controversy exists 
around the use of simpler calculators in elemen-
tary schools, with some educators concerned that 
students will not master the basics of arithmetic if 
they can find answers by punching numbers into 
a calculator).

CAREERS AND COURSEWORK

The applications of algebra are numerous, which 
means that those interested in algebra can pursue 
jobs and careers in a wide range of fields, includ-
ing business, engineering, and science, particularly 
computer science.

dATA miner. Data mining is a broad mathemati-
cal area that involves the discovery of patterns 
and hidden information in large databases, using 
algorithms. In applications of data mining, career 
opportunities emerge in e- commerce, security, 
forensics, medicine, bioinformatics and genom-
ics, astrophysics, and chemical and electric power 
engineering. Course work should include a focus 
on higher level mathematics in such areas as combi-
natorics, topology, and algebraic structures.

dATA AnAlyST. Data analysts perform statistical 
analyses, usually with the aid of software programs, 
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to solve problems and assist researchers. Data ana-
lysts work in many different fields, and while there 
are many commonalities in the early levels of their 
education (a strong grasp of algebra, calculus, sta-
tistics, and computer programming are required 
to work as a data analyst in many fields), special-
ized techniques may also be required as a person 
advances in the field. For instance, epidemiology, 
the study of how disease occurs in populations, has 
developed many techniques specific to the con-
cerns of that field; these specialized techniques are 
typically studied at the graduate level.

mATeriAlS engineer. Materials science is the study of 
the properties, processing, and production of such 
items as metallic alloys, liquid crystals, and biologi-
cal materials. There are many career opportunities 
in research, manufacturing, and development in 
aerospace, electronics, biology, and nanotechnol-
ogy. The design and analysis of materials depends 
on mathematical models and computational tools. 
Course work should include a focus on applied 
mathematics, including differential equations, 
linear algebra, numerical analysis, operations 
research, discrete mathematics, optimization, 
and probability.

comPuTer AnimATor or digiTAl ArTiST. Computer 
animation encompasses many areas, including 
mathematics, computer science, physics, biome-
chanics, and anatomy. Career opportunities arise 
in medical diagnostics, multimedia, entertainment, 
and fine arts. The algorithms for computer anima-
tion come from scientific relationships, statistics, 
signal processing, linear algebra, control theory, 
and computational geometry. Recommended 
mathematics course work includes statistics, dis-
crete mathematics, linear algebra, geometry, 
and topology.

finAnciAl AnAlyST. As quantitative methods trans-
form the financial industry, banking, insurance, 
investment, and government regulatory institu-
tions are among those relying on mathematical 
tools and computational models. Such tools and 
models are used to support investment decisions, 
to develop and price new securities, to manage 
risk, and to guide portfolio selection, management, 

and optimization. Course work should include 
a focus on the mathematics of finance, linear 
algebra, linear programming, probability, and 
descriptive statistics.

SOCIAL CONTEXT AND FUTURE PROSPECTS

Algebra is part of two broad, rapidly growing fields, 
applied mathematics and computational science. 
Applied mathematics is the branch of mathematics 
that develops and provides mathematical methods 
to meet scientific, engineering, and technologi-
cal needs. Applied mathematics includes not only 
discrete mathematics and linear algebra but also 
numerical analysis, operations research, and prob-
ability. Computational science integrates applied 
mathematics, science, engineering, and technol-
ogy to create a multidisciplinary field developing 
and using innovative problem- solving strategies 
and methodologies.

Applied mathematics and computational sci-
ence are used in almost every area of science, engi-
neering, and technology. Business also relies on 
applied mathematics and computational science 
for research, design, and manufacture of prod-
ucts that include aircraft, automobiles, comput-
ers, communication systems, and pharmaceuticals. 
Research in applied mathematics therefore often 
leads to the development of new mathematical 
models, theories, and applications that contribute 
to diverse fields.

—  June Gastón
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Algebra in Society

SUMMARY

Among the many discussions in his 1961 book 
The Realm of Algebra, science fiction author and 
biochemist Isaac Asimov described the real- life 
uses of algebra; explored the role it played in the 
discoveries of scientists and mathematicians such as 
Galileo Galilei and Sir Isaac Newton; and suggested 
the idea that “the real importance of algebra, and 
of mathematics in general, is not that it has enabled 
man to solve this problem or that, but that it has 
given man a new outlook on the universe.” This 
notion underlies many of the perspectives on alge-
bra in the twenty- first century.

Knowledge of algebra is seen as important not only 
for scientific research and the workplace but also for 
teaching general logical thinking and for making 
decisions that are important to personal well- being 
and society as a whole. For example, some functional 
relationships among people’s day- to- day activities that 
may affect personal decisions include the relationship 
between how much food a person eats and weight; the 
amount of exercise and weight loss; and calculations 
for loans, interest, and other financial matters.

Some would say that the ramifications of these 
relationships and a lack of understanding of them 
mathematically are found in the housing crisis of the 
early twenty- first century and the increase in obesity. 
Algebra is reported as being a challenging subject for 
some people.

Many consider algebra to be a major gateway 
into higher mathematics in both high school and 
college, and it is thus critical to careers in engineer-
ing, science, mathematics, and other disciplines that 
require advanced mathematics training. Perfor-
mance of primary and secondary students on alge-
bra tests is one common comparison measure used 
to evaluate the relative standing of countries with 

regard to education. Professional organizations like 
the National Council of Teachers of Mathematics 
(NCTM) continue to examine the role of algebra 
in society and make recommendations. Some of the 
numerous careers that have been cited as requir-
ing algebra include architecture, banking, carpen-
try, dentistry, civil engineering, nursing, pharmacy, 
and plumbing.

HOW IS ALGEBRA USEFUL?

In 2003, the RAND Corporation’s Mathematics Study 
Panel underscored the key role of algebra in educa-
tion by choosing it as one of the panel’s main areas 
of focus, explaining their decision in part by saying, 
“Algebra is foundational in all areas of mathematics 
because it provides the tools (i.e., the language and 
structure) for representing and analyzing quantita-
tive relationships, for modeling situations, for solving 
problems, and for stating and proving generaliza-
tions.” In algebra, there are general laws or algebraic 
models that can be used to represent a given scenario.

Algebra is sometimes noted as a type of language 
that provides answers to all cases at all times and 
models the relationships between quantities, reduc-
ing the need for repeated or inefficient computa-
tion. For example, in order to determine the savings 
in an interest- bearing account after a given period of 
time, one could compute the savings each month or 
year by multiplying by the interest rate. However, this 
computation is cumbersome after many compound-
ing cycles. Instead, the algebraic formula

A P r t= +( )1

can be applied directly, where P is the initial invest-
ment, r is the interest rate per period, t is the number 
of periods, and A is the amount of money in the bank 
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after t periods. People may want to know if it is profit-
able to leave money in a bank subjected to the stated 
formula. On the other hand, people may want to 
determine the present and future value of the money 
they have invested because of the effect of inflation. 
In other instances, such as taking a car or home loan, 
similar algebraic laws exist. These laws help people 
know how much money, for instance, they may save 
if they pay off their loan earlier than the due date. 
In the eleventh century, scholar, poet, and mathema-
tician Omar Khayyam explained the following:

…Algebra is a scientific art. The objects with which 
it deals are absolute numbers and measurable 
quantities which, though themselves unknown, 
are related to “things” which are known, whereby 
the determination of the unknown quantities is 

possible.… What one searches for in the algebraic 
art are the relations which lead from the known to 
the unknown.… The perfection of this art consists 
in knowledge of the scientific method by which one 
determines numerical and geometric unknowns.

EARLY HISTORY

Algebra definitions and applications have evolved 
over time, though many aspects of algebraic think-
ing and methods that are taught in twenty- first- 
century schools can be traced back to antiquity. 
The Babylonians and Egyptians used algebraic 
techniques to solve problems directly related to the 
everyday needs of society, such as dividing land and 
keeping financial records. One such example from 
Babylonian mathematics is an alternative method 
for solving cubic equations of the form x3 + x2 = b, 
via tabulated numerical values of squares and cubes. 
The Babylonians were able to solve this polynomial 
by using the table that gave the values of x3 + x2 or x2  
(x + 1). They constructed the table to solve: x2 (x + 1) 
= 1;30 in sexigesimal notation. The “periods” below 
are used to represent multiplication.

 

The algorithm used by the Babylonians to find the 
roots of cubic equations is different from the mod-
ern approach, although it can be explained using 
modern language.

Isaac Asimov who wrote The Realm of Algebra (photo courtesy of New York 
World-Telegram and Sun)
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For example, in modern notation, in solving the 
equation x3 + 2x2 ─ 3136 = 0 set x = 2y. Then the equa-
tion can be rewritten as the following:

( ) ( )

.

2 2 2 3136 0

8 8 3136 0

392

3 2

3 2

3 2

y y

y y

y y

+ - =

+ - =

+ =

From the table, y = 7. Since x = 2y, then x = 14.
Topics that are viewed as algebra in contempo-

rary mathematics were often numerical or geomet-
ric in nature. The Pythagorean Theorem, named for 
Pythagoras of Samos, can be expressed in terms of the 
algebraic equation that relates the sum of the sides 
surrounding a right angle in a triangle squared to the 
square of the hypotenuse. However, historically, there 
is evidence that the Babylonians explored numerical 
versions of the theorem, while the Greeks examined 
the areas of the geometric squares that sat on the 
edges of the triangle.

The Pythagorean Theorem can be found in twenty- 
first- century algebra classrooms, and it is useful in set-
ting right angles in constructions and in measuring 
distance in flat objects. Symbolic notation for alge-
bra was developed in India and became popular in 
Europe in the seventeenth and eighteenth centuries. 
Historical methods reflect the unique construction of 
understanding, indicative of the localized culture at 
that time. Algebraic methods have also been found in 
some ancient Chinese works.

Greeks, Hindus, Arabs, Persians, and Europe-
ans all contributed to the development of algebra. 
The term itself comes from the Arabic word al- jabr, 
which has several translations including “the science 
of equations.” The word appears in the title of the 
early algebra text written by Muhammad Ibn Musa 
Al- Khowarizmi in the ninth century.

APPLIED ALGEBRA

For a long time, one major emphasis in algebra was 
solving polynomial equations, but in the eighteenth 
century, algebra went through a transformation that 
broadened the field to include study of other mathe-
matical structures. Around that time, textbooks defined 
algebra in many different ways. According to mathema-
tician Colin Maclaurin, “Algebra is a general method of 

computation by certain signs and symbols which have 
been contrived for this purpose, and found convenient.

It is called a universal arithmetic, and proceeds by 
operations and rules similar to those in common arith-
metic, founded upon the same principles.” Leonhard 
Euler defined algebra as: “The science which teaches 
how to determine unknown quantities by means of 
those that are known.” As the concept of variables was 
further developed, many physical properties, includ-
ing time, mass, density, pressure, temperature, charge, 
and energy, were expressed algebraically.

For instance, Albert Einstein’s equation relates 
energy to mass times the speed of light squared. In the 
twenty- first century, defining algebra commonly 
requires a broader approach. First, one could say that 
early or elementary algebra is essentially the study 
of equations and methods for solving them; and sec-
ond, that modern or abstract algebra is the study of 
various mathematical structures. High school algebra 
textbooks typically contain a breadth of topics, such 
as polynomials and systems of linear equations. These 
are important in modeling many relationships in soci-
ety. For example, parabolas represent the paths of ball 
or bullet trajectories, and systems of linear equations 
and matrices give rise to digital images. At the col-
lege level, students continue their study of algebraic 
equations in virtually every mathematics and statistics 
class. Students in a broad range of majors, includ-
ing the sciences and mathematics, may further their 
understanding of systems of linear equations and their 
applications in a linear algebra class.

Mathematics majors in modern or abstract algebra 
study topics like groups, rings, and fields, and gradu-
ate students further explore these and other algebraic 
structures. These concepts have been useful in chem-
istry, computer science, cryptography, crystallography, 
electric circuits, genetics, and physics. Algebra is a core 
area from the middle grades and high school to under-
graduate and graduate mathematics. Research fields 
include the connections of algebra with other subdis-
ciplines, like algebraic geometry, algebraic topology, or 
algebraic number theory, and the abstract structures 
and notions in pure algebra have been applied in many 
contexts. Some algebraists work for the National Secu-
rity Agency and others work as professors.

In general, mathematicians and scientists often 
algebraically derive laws for a given scenario or rela-
tionship from patterns. For example, consider a 




